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Abstract
We discuss thermodynamics of N M2-branes at strong coupling from the
ABJM theory by employing the Smilga-Wiseman method, which explains the
black Dp-brane thermodynamics from the maximally supersymmetric U(N)
Yang-Mills theories through a field theory analysis. As a result we obtain the
free energy of the ABJM theory ∼ N3/2√kT 3, which is consistent with the
prediction from the eleven-dimensional supergravity. We also estimate the
free energy of N M5-branes by assuming some natural properties of the 6d
superconformal field theory. Remarkably we obtain the free energy ∼ N3T 6,
which is consistent again with the supergravity prediction. This result might
illuminate the low energy field theory description of the multiple M5-branes.
1 Introduction
Understanding the N -dependence of the thermal free energies of N M2 and
M5-branes is an outstanding problem in string theory. They are predicted
through the eleven-dimensional supergravity to be proportional to N3/2T 3
and N3T 6, respectively [1]. They are contrasting to the free energies of N
D-branes, which are always proportional to N2 in the string theory regime.
Then we have believed that those natures would be deeply connected to the
non-perturbative aspects of the mysterious M-brane theories.
In the case of N Dp-branes, while the N -dependence is simple, the super-
gravity analysis predicts a non-trivial dependence on the ’t Hooft coupling
as [2]
F ∼ N2T 2(7−p)5−p λ− 3−p5−pVp , (1)
where T is the temperature, Vp is the spatial volume of the Dp-brane and
λ = g2YMN is the ’t Hooft coupling of the p+1 dimensional maximally super-
symmetric Yang-Mills theory. This gravity result is reliable when N−
2
7−p ≪
(Tλ−
1
3−p )
3−p
5−p ≪ 1 is satisfied. Recently, Wiseman [3] has successfully ex-
plained this result for p < 3 cases from a gauge theory calculation by gener-
alizing Smilga’s method for D0-brane [4].1 In addition, the size of the horizon
is also correctly estimated. In this derivation, the classical moduli fields play
important roles at low temperature. We call this method as Smilga-Wiseman
method in this paper.
This success encourages us to investigate the thermodynamics of M-
branes through a similar approach. In the case of N M2-branes, the ABJM
theory is known as the low energy field theory [9]. Then we apply the Smilga-
Wiseman method to this theory, and show the free energy F ∼ N3/2√kT 3,
which is consistent with the supergravity prediction.
In the case of N M5-branes, a 6d N = (2, 0) superconformal field theory
would describe the low energy dynamics [10], but the details of this theory
have not been uncovered yet. Thus we cannot derive the free energy directly
1 The Smilga’s method [4] agrees with numerical studies in the D0-brane case [5] and
the bosonic BFSS case [6, 7]. In the bosonic BFSS case, we can explicitly confirm it
through an analytical computation [8].
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from the effective theory. In this paper, instead of considering the whole
effective theory, we assume some natural properties of the classical moduli
fields of this theory and estimate the free energy through the Smilga-Wiseman
method. Then we indeed obtain F ∼ N3T 6, which is consistent with the
supergravity prediction. Therefore this result may give us some clues to
understand the low energy dynamics of multiple M5-branes.
This paper is organized as follows. In section 2, we review the Smilga-
Wiseman method and the discussion on the Dp-brane case. By using this
method, in section 3 we study the thermodynamics of M2-branes in the
ABJM theory. We also study the thermodynamics of M5-branes in sec-
tion 4, making some natural assumptions on the effective M5-brane theory.
In section 5, we compare the M and D-brane results and argue why the ex-
otic N -dependence appears in the M-branes. Discussions are in section 6.
The corresponding results from the dual supergravity are summarized in
appendix A. In appendix B, we mention the details of calculation on the
one-loop quantum corrections.
2 Smilga-Wiseman method for Dp-branes
We demonstrate how Smilga and Wiseman estimated the free energy of the
black Dp-branes (p < 3) from the p + 1 dimensional maximally supersym-
metric U(N) Yang-Mills theory (SYM) at low temperature [3, 4].
It is convenient to use the Euclidean time formulation at finite tempera-
ture T , where Euclidean time τ = ix0 is periodic with a period of β = 1/T .
Then the Euclidean SYM action is
SDp =
N
λ
∫
dτdpxTr
[
1
4
F2µν +
1
2
(DµΦ
I)2 +
i
2
Ψ¯ΓµDµΨ
− 1
4
[ΦI ,ΦJ ]2 − i
2
Ψ¯ΓI [ΦI ,Ψ]
]
, (2)
where µ = 0, . . . , p and I = 1, . . . , 9 − p. A set of classical vacua of this
theory is gauge-equivalent to the configurations
Aµ,ab = aµ,aδab , Φ
I
ab = φ
I
aδab , Ψab = 0 , (3)
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where a, b = 1, . . . , N are the indices of the adjoint hermitian matrices. aµ,a
and φIa are real constants, and φ
I
a represent the positions of the Dp-branes
in the transverse directions. Note that this configuration breaks the original
U(N) gauge symmetry to U(1)N .
At zero temperature, φIa are the exact moduli and thus each Dp-brane
can stand at any place. At low temperature, in the following arguments, we
assume that the dominant configurations of the Dp-branes satisfy
β|φa − φb| ≫ 1 , (4)
where |φa−φb| :=
√∑
I(φ
I
a − φIb)2. In this case, the off-diagonal components
of the scalars, fermions and gauge fields possess large mass ∼ |φa − φb|, so
they can be integrated out. Then the effective theory of the moduli φIa would
be relevant to determine the low temperature dynamics.2 We will see later
that the condition β|φa − φb| ≫ 1 is self-consistently satisfied.
Now we consider the effective theory of the moduli φIa at low temperature.
From the classical action (2), we obtain the classical term
SclassicalDp =
N
λ
∫
dτdpx
∑
a
(
1
2
∂µφIa∂µφ
I
a
)
. (5)
In addition, quantum corrections are induced through the integrals of the
massive fields. Here we just consider the leading one-loop correction.3 We
distinguish between the temperature independent corrections, which do not
depend on temperature explicitly, and the temperature dependent terms. At
the one-loop level, the temperature independent potential is given by
Sone-loopDp,T=0 = −
∫
dτdpx
∑
a<b
Γ
(
7−p
2
)
(4π)
1+p
2
(
2
{∂µ(φIa − φIb)∂ν(φIa − φIb)}2
|φa − φb|7−p
− {∂µ(φ
I
a − φIb)∂µ(φIa − φIb)}2
|φa − φb|7−p
)
+ . . . . (6)
2 We assume that the moduli from the gauge field aµ,a do not play relevant roles in the
Dp-brane cases. In the M2-brane case, this condition would be ensured since only Chern-
Simons gauge fields exist in the ABJM theory. In the M5-brane case, we assume again
this condition although the kinematics of the self-dual 2-form gauge field in 6d N = (2, 0)
theory has not been clearly understood.
3We will comment on the higher loop corrections in section 6.
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Here ‘. . .’ denotes the subdominant terms which are suppressed when the dis-
tances between the branes are large and |(∂φ)2/φ4| ≪ 1 is satisfied. This po-
tential is attractive at a long distance, and so force to confine the Dp-branes.
An important point is that this quantum correction starts from the quartic
derivative terms (∂φ)4 since the supersymmetry protects the quadratic terms
(∂φ)2 from the corrections.
The effective theory has the temperature dependent terms also. However,
as argued in appendix B, these terms are proportional to exp(−β|φa − φb|),
and so strongly suppressed under the condition (4).
Therefore the relevant terms at low temperature at the one-loop level are
the classical term (5) and the leading term of the temperature independent
potential (6). Then Smilga and Wiseman argued that the loop expansion
is strongly coupled in the gravity regime and the classical moduli action (5)
and one-loop potential (6) are balanced. Presumably this may be related to
the virial theorem. Thus we estimate the order of the moduli φIa by equating
these two terms.
In this configuration, we estimate that the moduli φIa and their differences
are the same order which we denote as φ :
φIa ∼ φIa − φIb ∼ φ . (7)
To determine the scale φ, we assume that the derivative terms satisfy
∂φIa ∼ ∂(φIa − φIb) ∼
1
β
φ . (8)
This is a key assumption of the Smilga-Wiseman method. This implies that
the temperature dominates the moduli dynamics rather than the ’t Hooft
coupling λ, which is another dimensionful parameter of the theory. This
may be natural from the view of the classical moduli.
By using the assumptions (7) and (8), the effective action (5) and (6) can
be estimated as
SclassicalDp ∼
∫
dpx
N2
βλ
φ2 , Sone-loopDp,T=0 ∼
∫
dpx
N2
β3φ3−p
, (9)
where we have used
∫
dτ ∼ β , ∑a ∼ N and ∑a<b ∼ N2. Therefore if these
two terms are balanced
SclassicalDp ∼ Sone-loopDp,T=0 , (10)
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we obtain the scale of the scalar fields as
φ ∼ T 25−pλ 15−p . (11)
This result is consistent with the scale estimated from the size of the horizon
of the black Dp-brane (30). Note that the condition (4) is satisfied at low
temperature (Tλ−
1
3−p )
3−p
5−p ≪ 1 where the gravity description is reliable, and
the assumption that the thermal loop corrections are suppressed is justified
self-consistently.
By substituting this value into the action SclassicalDp ∼ Sone-loopDp,T=0 ∼ SDp, we
obtain the free energy as
FDp ∼ SDp/β ∼ N2T
2(7−p)
5−p λ−
3−p
5−pVp , (12)
where Vp is the spatial volume of the Dp-brane. This result reproduces the
parametric dependence of the free energy of the black Dp-brane from the
dual gravity (29).
Note that although Wiseman focused on p < 3 cases, this derivation is ap-
plicable to p = 3, 4 and 6.4 As far as the temperature satisfies (Tλ−
1
3−p )
3−p
5−p ≪
1, the obtained scale φ (11) satisfies the condition (4) and the assumption
that the thermal corrections are suppressed is justified. Interestingly, this
condition (Tλ−
1
3−p )
3−p
5−p ≪ 1 is equivalent to the small curvature condition in
the gravity [2].
3 ABJM theory
The ABJM theory is the three-dimensional N = 6 U(N) × U(N) Chern-
Simons gauge theory with level k and −k, which is dual to M-theory on
AdS4 × S7/Zk [9]. It is known as the effective field theory on N M2-branes.
Now we apply the Smilga-Wiseman method to this theory in order to
discuss the thermodynamics of M2-brane system. The Euclideanized ABJM
4In p = 5 case, we obtain no conditions on the scale φ.
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action is
SABJM =
k
2π
∫
dτd2x
(
Tr
[
(DµΦ
†
A)(D
µΦA) + iΨ†AγµDµΨA
]
+ L(1)CS −L(2)CS − VB − VF
)
, (13)
where
L(i)CS =
1
2
ǫµνρTr
[
A(i)µ ∂νA
(i)
ρ +
2
3
A(i)µ A
(i)
ν A
(i)
ρ
]
,
VB =
1
3
Tr
[
Φ†AΦ
AΦ†BΦ
BΦ†CΦ
C + ΦAΦ†AΦ
BΦ†BΦ
CΦ†C + 4Φ
AΦ†BΦ
CΦ†AΦ
BΦ†C
− 6ΦAΦ†BΦBΦ†AΦCΦ†C
]
,
VF = iTr
[
Φ†AΦ
AΨ†BΨB − ΦAΦ†AΨBΨ†B − 2Φ†AΦBΨ†AΨB + 2ΦAΦ†BΨAΨ†B
− ǫABCDΦ†AΨBΦ†CΨD + ǫABCDΦAΨ†BΦCΨ†D
]
, (14)
where A,B,C,D = 1, . . . , 4, which denote the transverse directions in C4
(orbifolded by Zk). The matter fields are complex scalar fields Φ
A and spinor
fields ΨA which transform as 4 and 4¯ under SU(4) R-symmetry, respectively.
Both fields have bifundamental representations under the U(N)×U(N) gauge
group. The covariant derivative is defined as DµΦ
A = ∂µΦ
A + iA
(1)
µ ΦA −
iΦAA
(2)
µ , etc.
Let us focus on the dynamics of the moduli fields. The configuration of
the classical vacua which we consider here is
ΦAab =
1√
2
(φAa + iφ
A+4
a )δab , Ψab = 0 , (15)
where φIa are real scalar fields (I = 1, . . . , 8). Then the moduli of the ABJM
theory are given by the diagonal components φIa of the bifundamental scalars
ΦAab. The classical action is given by
SclassicalABJM =
k
2π
∫
dτd2x
∑
a
(
1
2
∂µφIa∂µφ
I
a
)
. (16)
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The one-loop effective potential for the moduli at zero temperature has been
calculated in [11],
Sone-loopABJM,T=0 = −
∫
dτd2x
∑
a<b
5
16π
(
2
{∂µ(φIa − φIb)∂ν(φIa − φIb)}2
|φa − φb|6
− {∂µ(φ
I
a − φIb)∂µ(φIa − φIb)}2
|φa − φb|6
)
+ . . . . (17)
The quantum correction starts from the quartic derivative terms (∂φ)4, just
as in the Dp-brane case (6). It is consistent with the gravitational attractive
potential at a long distance.
The temperature dependent terms can be estimated as in appendix B,
and should be proportional to exp(−β|φa − φb|2), so they are suppressed
when the condition β|φa − φb|2 ≫ 1 is satisfied.
Then by imposing the assumptions (7) and (8) as in the Dp-brane case,
we estimate the actions as
SclassicalABJM ∼
∫
d2x
kN
β
φ2 , Sone-loopABJM,T=0 ∼
∫
d2x
N2
β3φ2
. (18)
By equating SclassicalABJM ∼ Sone-loopABJM,T=0, we obtain
φ ∼ N
1
4
k
1
4β
1
2
, (19)
which is consistent with the condition βφ2 ≫ 1 at large N (with k fixed).
This size agrees with the dual gravity prediction (33).
Now we insert this result to the action SclassicalABJM ∼ Sone-loopABJM,T=0 ∼ SABJM,
and obtain
FABJM ∼ SABJM/β ∼ N 32
√
kT 3V2 . (20)
This estimate reproduces the dual gravity prediction (34).
Note that if we replace k with the ’t Hooft coupling λ = N/k, the free
energy (20) becomes
FABJM ∼ N 32
√
kT 3V2 ∼ N2λ− 12T 3V2 ∼ FIIA . (21)
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The right hand side is the free energy of the system in the IIA supergravity
regime [9]. Thus the M and string theory would be connected smoothly not
only in the perspective of the gravity as argued in [9] but also in the gauge
theory.5
In gauge theories, the exotic N3/2 dependence of the free energy of M2-
branes had been derived only through the localization technique [14, 15, 16],
although it is not a thermal one. It is surprising that the Smilga-Wiseman
method explains the N dependence via much simpler estimation.
4 6d superconformal field theory
We estimate the thermodynamics of M5-brane system from the 6d supercon-
formal field theory. The low energy dynamics of N M5-branes is described by
the 6d N = (2, 0) SCFT, but the precise formulation of this theory has not
been found. Therefore, in our analysis, we make the following assumptions
on the effective theory of M5-branes:
1. The theory has the scalar moduli fields φIa (I = 1, . . . , 5 and a =
1, . . . , N) which represent the collective motion of N M5-branes in the
transverse directions.
2. The effective potential for the moduli φIa starts from (∂φ)
4 for a small
∂φ and a long distance |φa − φb|.
The first assumption must be a natural requirement, since M5-brane is
a BPS object. The second assumption comes from the observation in the
Dp and M2-brane cases at long distances. When M5-branes are separated
from each other, massive fields may be integrated out and we may obtain an
effective action for the moduli fields. Then similar discussion to the Dp and
M2-brane cases can be done: The quadratic derivative terms of the moduli
(∂φ)2 should not receive the quantum correction due to the supersymmetry,
and so the correction should start from the quartic derivative terms (∂φ)4.
5 The free energy of D2-branes ∼ N2λ− 13T 103 V2 in eq. (12) is not smoothly connected
to that of M2-branes (20) with k = 1, since a Gregory-Laflamme transition would occur
[2, 12, 13]. It must be interesting if we can see this transition in the ABJM theory.
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In addition to this potential, there would be thermal corrections, which de-
pend on temperature explicitly. However, as argued in appendix B, they
would be suppressed by exp(−β√|φa − φb|) and we can ignore them when
the condition β
√|φa − φb| ≫ 1 is satisfied.
By using these assumptions, we estimate the effective action for the scalar
moduli φIa. The kinetic term can be read off from the single M5-brane action
[17, 18, 19]6, and we obtain
SkinM5 ∼
∫
dτd5x
∑
a
(
1
2
∂µφIa∂µφ
I
a
)
. (22)
Note that the moduli φIa possess the mass dimension 2. Then the second
assumption that the leading contribution of the moduli at a long distance is
proportional to (∂φ)4, which is the same as the Dp-brane (6) and M2-brane
(17) cases, ensures
S intM5,T=0 ∼ −
∫
dτd5x
∑
a<b
({∂(φa − φb)∂(φa − φb)}2
|φa − φb|3
)
+ . . . , (23)
where the |φa − φb|3 factor in the denominator is fixed by the dimensional
analysis. This interaction is consistent with the gravitational potential be-
tween M5-branes in the eleven-dimensional spacetime.
The following discussion goes similarly to the previous cases. By imposing
the assumptions (7) and (8), the actions can be estimated as
SkinM5 ∼
∫
d5x
N
β
φ2 , S intM5,T=0 ∼
∫
d5x
N2φ
β3
. (24)
By assuming SkinM5 ∼ S intM5,T=0, we determine the scale φ as
φ ∼ N
β2
. (25)
This is consistent with the dual gravity (37) and also with the suppression
condition β
√
φ≫ 1 at large N . The free energy is finally estimated as
FM5 ∼ SM5/β ∼ N3T 6V5 . (26)
6The M5-brane has the self-dual two form fields and fermion fields too. But we ignore
them and focus on the scalar moduli dynamics.
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This result agrees with the dual gravity prediction (38).
Let us shortly comment on the equivalence of 5d SYM and 6d N = (2, 0)
theory, which has been recently proposed [20, 21].7 For D4-branes, by using
the Smilga-Wiseman method, we obtain the results (11) and (12), that is,
φD4 ∼ λT 2 , FD4 ∼ λN2T 6V4 . (27)
Since λ ∼ R11N , where R11 is the radius of the M-theory circle, the following
relations are satisfied:
φD4 ∼ R11NT 2 ∼ R11φM5 , FD4 ∼ N3T 6R11V4 ∼ FM5 . (28)
These are consistent with the 5d/6d equivalence.8 (φD4 ∼ R11φM5 is the
natural identification as used in e.g. [23].) We should emphasize that all
these relations are explained through the field theory analyses.
To summarize, we obtain the free energy of N M5-branes which repro-
duces the supergravity result. This means that our assumptions for the
effective M5-brane theory are not widely wrong.
5 What was the O(N2) puzzle?
In the Dp-brane theories, the O(N2) free energies have been predicted both
from weak and strong coupling regime. On the other hand, in the M-brane
theories, the different power of the N -dependence of the free energy has been
predicted from the gravity, and some people believed that the dynamics of
the M-branes is quite distinct from the D-branes. In this section, we argue
whether M-branes really show distinct dynamics.
Let us recall why the O(N2) free energy is expected in the D-brane the-
ories at weak coupling. There, the kinetic term will dominate and all the
fields are light, and the free energy becomes O(N2).
On the other hand, the Smilga-Wiseman method assumes that the dy-
namics of the classical moduli dominates at strong coupling and β|φa −
7 Some problems on the 5d/6d equivalence have been reported in [22].
8 Note that M5-branes in this case are wrapping on the M-theory circle, so Gregory-
Laflamme transition like in the M2/D2 case may not occur.
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φb|ξ/2 ≫ 1 is satisfied. (Here ξ = 2 for the D-branes, 4 for the M2 and
1 for the M5-brane, as argued in appendix B.) Then only the moduli are
classically light and we might naively expect that the free energy becomes
O(N). However the non-trivial N dependences are induced from the interac-
tion (6), (17) and (23). Thus even the appearance of the O(N2) free energy
of the D-branes is non-trivial in this method!
The origin of the O(N2) free energy of the D-branes is the ’t Hooft limit
(fixed λ = g2YMN) as we can read off from eq. (12). This reason is quite
different from the appearance of the O(N2) free energy at weak coupling.9
On the other hand, we do not take the ’t Hooft limit in the M-brane the-
ories, and indeed we obtain the different N -dependence in the free energies.
These results suggest that it is not correct that the dynamics of M-branes
are distinct. Both D and M-branes would exhibit similarly behaviors at
strong coupling where the classical moduli would dominate. A special thing
for the D-branes is that the free energy at the ’t Hooft limit becomes O(N2)
similar to the free energy at weak coupling. Therefore we conclude that the
dynamics of M-branes is not special but the ’t Hooft limit is special. The
smooth connections between the M2 and D2-branes (21) and between the
M5 and D4-branes (28) also support this point.
6 Discussions
In this article, we derived the thermodynamics of the N M2 and M5-branes
by using the Smilga-Wiseman method. All the results agree with the super-
gravity predictions through the AdS/CFT correspondence. Thus, although
the Smilga-Wiseman method requires several assumptions like eq. (8) and
the justification has not been done, we believe that this method captures
the dynamics of the branes and it would provide some clues to prove the
gauge/gravity correspondence.
Especially this method suggests that the temperature independent one-
9Although the dynamics at strong coupling and weak coupling is different in the Dp-
brane theories, they would be smoothly connected [2, 3, 5]. If the coupling becomes so
strong that M-theory or S-dual description is required, transitions would happen in some
cases [2].
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loop potential at a long distance, which behaves as (∂φ)4/|φ|7−p in the Dp-
brane cases and (∂φ)4/|φ|8−p in the M-brane cases, is important to reproduce
the gravity results. Since this potential is almost uniquely determined by the
supersymmetry, the agreement between the gauge theory and gravity might
be a consequence of some kinematics.
In this method, we consider only the classical and one-loop parts of the
effective action. However, Smilga has pointed out that, at the scale of the
order (11), the higher loop corrections appear to be the same order as the
classical and one-loop potential in the D0-brane case [4]. Thus we should
understand why the gravity results are reproduced without considering the
higher loop corrections. A hint may be in the bosonic BFSS model. Smilga
has estimated the free energy of this model just by evaluating the classical
and one-loop potential,10 although the higher loop corrections are the same
order similar to the D0-brane case [4]. Interestingly this result agrees with
an analytic calculation through the 1/D-expansion, in which all higher-loop
corrections are considered [8]. Hence we naively expect that the calculation
up to the one-loop order might be enough to estimate the order of the free
energy in strong coupling gauge theories for some mechanism. Wiseman has
argued that it might be due to the generalized conformal symmetry [24] in
the case of the Dp-brane system [3]. If so, our discussion in the M-brane
system suggests that the superconformal symmetry must play the same role.
From the perspective of M-theory, some people might be disappointed at
our results, since the mysterious N -dependence of the free energies of N M2
and M5-branes is explained just in a similar way to the Dp-branes rather than
a dramatic manner by using some characteristic natures of the M-branes.
However, we should recognize that our work may provide another approach
to clarify various aspects of M-brane dynamics. Especially we find a new way
to determine the multiple M5-brane action, as argued in appendix B. For
another aspect, we should at least figure out the role of the superconformal
symmetry in the dynamics. We have obtained several hints on this problem
from this work, so it would be an interesting future work.
10Different from the supersymmetric BFSS case (D0-brane case), the classical moduli is
not relevant in the bosonic BFSS model.
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A Predictions from supergravity
Here we list the predictions for the black branes from supergravity. We omit
the precise coefficients which are not necessary in our arguments. (See the
references.)
Dp-brane system The free energy of a black Dp-brane is [3]
F ∼ N2T 2(7−p)5−p λ− 3−p5−pVp . (29)
This result is reliable when N−
2
7−p ≪ (Tλ− 13−p ) 3−p5−p ≪ 1 is satisfied. The
typical scale for the scalars would be given by the horizon size of the black
brane [3],
|φ| ∼ T 25−pλ 15−p . (30)
M2-brane system The metric of a black M2-brane in the Euclidean sig-
nature is
ds2 =H(r)−2/3
(
f(r)dτ 2 + dx21 + dx
2
2
)
+H(r)1/3
(
dr2
f(r)
+ r2ds2S7
)
,
H(r) = 1 +
R6
r6
, f(r) = 1− r
6
0
r6
, (31)
where R ∼ N1/6lp is the radius of AdS4 and S7, and lp is the eleven-
dimensional Planck length.11 r0 is the location of the horizon and it is
11We use a notation in [25].
13
related to the Hawking temperature through the smoothness condition at
the horizon,
T =
3
2π
r20
R3
. (32)
Here we have taken the near horizon limit r ≪ R. In order to consider the
ABJM theory, we replace S7 to S7/Zk and R to R
′ ∼ (kN)1/6lp [9].
Now we evaluate the scale for the scalars φ and the free energy of the
ABJM theory. Since the scale for the scalars is related to the location of the
horizon r0, we obtain
|φ| ∼ r0
k
1
2 l
3
2
p
∼ R
3
2
k
1
2β
1
2 l
3
2
p
∼ N
1
4
k
1
4β
1
2
. (33)
Here we have used the fact that the ABJM action (13) has the overall factor
k, so we can read off the relation (length)2/l3p ∼ k|φ|2 from the kinetic term
of the scalar fields. Finally the free energy is obtained as [9]
F ∼ N 32
√
kT 3V2 . (34)
M5-brane system The metric of a black M5-brane in the Euclidean sig-
nature is
ds2 =H(r)−1/3
(
f(r)dτ 2 +
5∑
i=1
dx2i
)
+H(r)2/3
(
dr2
f(r)
+ r2dΩ24
)
,
H(r) = 1 +
R3
r3
, f(r) = 1− r
3
0
r3
, (35)
where R ∼ N1/3lp is the AdS7 and S4 radius. r0 is the location of the horizon
is related to the Hawking temperature as,
T =
3
4π
r
1/2
0
R3/2
. (36)
Here we have taken the near horizon limit r ≪ R. Since the horizon r0 is
related to the scale for the scalars, we obtain
|φ| ∼ r0
l3p
∼ R
3
l3pβ
2
∼ N
β2
. (37)
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The free energy is given by
F ∼ N3T 6V5 . (38)
B On one-loop corrections
In this appendix, we consider the one-loop corrections of the moduli effective
actions. In order to calculate the corrections in Dp and M2-branes [3], we
consider the off-diagonal fluctuations around the classical solution (3):
Aµ,ab = aµ,aδab + δA
µ
ab , Φ
I
ab = φ
I
aδab + δΦ
I
ab , Ψab = δΨab . (39)
In addition to these fields, we need to introduce Fadeev-Popov ghost fields
due to the gauge invariance. There are no linear terms of fluctuations in
the effective action since we are expanding around a classical solution, so the
leading contribution comes from the quadratic fluctuations. The contribution
from the quadratic fluctuation of each field in the effective action can be
written as
∑
n
∑
a<b
Tr′
[
ln
(
−∂i∂i +
(
2πn
β
)2
+ |φa − φb|ξ + . . .
)]
, (40)
where Tr′ means the trace over the spatial momenta, and i denotes the spatial
coordinates. For the summation, n ∈ Z for bosonic fields and n ∈ Z+1/2 for
fermionic fields. In the Dp-brane case, ξ equals two. This power comes from
the quadratic fluctuations of the four-scalar interactions in SYM theory. In
the M2-brane case, this power ξ becomes four [11], which comes from the
six-scalar interactions in the ABJM theory. In our discussion only the scalar
moduli fields φ play relevant roles, so here we omit the contribution from the
gauge moduli aµ,a. After summing up the contributions from all the fields,
we obtain the one-loop effective action as [3, 11, 26]
Sone-loop ∼ −
∫
dτdpx
∑
a<b
[
(∂φab∂φab)
2
|φab|d−p−3 + . . .+ e
−β|φab|
ξ/2
(. . .)
]
, (41)
for β|φab|ξ/2 ≫ 1, where φab := φa − φb and d is the dimension of whole
spacetime, i.e. d = 10 for Dp and 11 for M2-brane. Here the temperature
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dependent terms12 are proportional to exp(−β|φa − φb|ξ/2) and suppressed
when β|φa − φb|ξ/2 ≫ 1. This is an important point in the thermodynamics
of the branes at strong coupling.
Now we discuss the M5-brane case. Although the Lagrangian of the
M5-branes is unknown, we presume that the fields which are not moduli
would have masses proportional to |φa−φb|, since the single M5-brane action
should be reproduced from the moduli fields, if we take |φa − φb| sufficiently
large. It implies that the thermal corrections for the effective potential of the
moduli fields, which are induced from the path-integral of these non-moduli
modes, would be proportional to e−β|φab|
1/2
through a dimensional analysis.
Therefore, without knowing the details of the 6d N = (2, 0) theory, we can
estimate that the effective potential of the moduli φIb for large |φa − φb| is
given by eq. (41) with d = 11 and ξ = 1. (The first term in eq. (41) is
speculated in eq. (23).) Note that different from the Dp and M2-brane cases,
it is unclear whether this potential is derived from the one-loop computation.
Exploring the 6d N = (2, 0) theory Suppose that the 6d N = (2, 0)
theory is described by matrix type fields ΦIab and the moduli φ
I
a are the diago-
nal components of them,13 what we can speculate from the above estimation
of the effective potential (41)? Naively this potential may be derived from
eq. (40) with ξ = 1, which is the one-loop determinant of the massive fields
including the off-diagonal components of Φ. If so, the theory may have the
three-scalar interactions ∼ Φ3. However, the Φ3 term with transverse SO(5)
symmetry cannot exist. It might suggest that the action of M5-brane theory
is not the power series of the fields. For example, the interaction term ∼ √Φ6
can be written down, and its quadratic fluctuation can be |φa − φb|(δΦ)2,
which reproduces the factor (39) in the one-loop determinant. In this way,
our discussion may provide new clues to the description of the low energy
effective theory of multiple M5-branes.
12The temperature dependent terms of the M2-brane case is derived from eq. (39) by
applying calculations shown in appendix A in [26].
13 The formulation of multiple M5-branes with Lie 3-algebra has been proposed in [27]
and studied e.g. in [28, 29], where the scalar fields have ‘fundamental’ representations of
this algebra. However this model is incomplete in that the action cannot be written down,
so it should be not evidence to deny the scalar fields with matrix representations.
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